Electromagnetic beams in a uniaxial crystal are treated with emphasis on the extraordinary mode. A virtual source that generates a basic elliptical Gaussian wave propagating obliquely to the optic axis is identified. An exact expression is obtained for this basic elliptical Gaussian wave that simplifies to the corresponding basic elliptical Gaussian beam in the appropriate limit. In the direction of amplitude propagation, the paraxial result becomes identical to the exact result and the sum of all the nonparaxial contributions vanish. The characteristics of the basic elliptical Gaussian beam are illustrated with a numerical example. From the spectral representation of the basic Gaussian wave, the first three orders of nonparaxial corrections for the basic elliptical Gaussian beam are determined. The nonparaxial results reduce correctly to those of the fundamental Gaussian beam in an isotropic medium.
INTRODUCTION
A uniaxial crystal, which has an axis of cylindrical symmetry known as the optic axis, 1,2 retains many of the special characteristics of electromagnetic waves in the more general biaxial crystals. The plane electromagnetic waves in a uniaxial crystal separate into independent ordinary-and extraordinary-mode fields. 3 Shin and Felsen 4 have given a treatment of the characteristics of beams in a uniaxial crystal, but the details were restricted to the two-dimensional propagation. Fleck and Feit 5 and Seshadri 6 have investigated the threedimensional propagation of beams in a uniaxial crystal. They consider beams only in the paraxial approximation and used input Gaussian beams of circular cross section. The basic Gaussian beam in a uniaxial crystal, in general, is of elliptical cross section since only elliptical Gaussian beams preserve their cross-sectional shapes on propagation. In this paper, a treatment is given for the basic elliptical Gaussian wave in a uniaxial crystal in and beyond the paraxial approximation for the general case of propagation directions inclined to the optic axis.
The paper is organized as follows. Governing equations are presented in Section 2. The basic Gaussian wave is developed in Section 3. In Section 4, the characteristics of the basic elliptical Gaussian beam determined from the exact solution are discussed. In Section 5, some aspects of the nonparaxial corrections to the basic elliptical Gaussian beam are included. Some concluding remarks are provided in Section 6.
GOVERNING EQUATIONS
In a uniaxially anisotropic crystal ( 0 , ⑀ 0 ⑀), the electric field Ẽ p , the magnetic field H p , the magnetic current density J mp , the electric current density J ep , the equivalent magnetic charge density m , and the electric charge density e , have the harmonic time dependence exp(Ϫit), where is the wave angular frequency. The Cartesian coordinate system (x p , y p , z p ) is chosen such that the relative permittivity dyad has only diagonal components as given by
The optic axis is in the ẑ p direction, ⑀ Ќ and ⑀ ʈ are the relative permittivities perpendicular and parallel to the optic axis, and the subscript p is used to denote principal coordinates. The normalized fields and the source quantities as defined by
where
The magnetic current density and the associated equivalent magnetic charge density generate the TE mode. Therefore, we set J ep ϭ 0 and e ϭ 0. Since E zp ϭ 0, in view of Eq. (5) with e ϭ 0, the TE mode is constructed in terms of a single component, ẑ p F zp , of the electric vector potential F p as given by
Using Eq. (8) in Eq. (3) with J ep ϭ 0 enables us to express H p as in
where p is a scalar potential. When Eqs. (7)- (9) are substituted into Eq. (2) and the gauge condition
is used, the wave equation satisfied by F zp is obtained:
Substituting Eq. (10) in Eq. (9) yields
Thus, the TE mode is governed by Eq. (11) together with Eqs. (8) and (12) . Also, Eq. (11) shows that a magnetic current element oriented parallel to the optic axis can excite the TE mode. The electric current density and the associated electric charge density generate the TM mode. Hence, we set J mp ϭ 0 and m ϭ 0. Since H zp ϭ 0, in view of Eq. (4) with m ϭ 0, the TM mode is constructed in terms of a single component, ẑ p A zp , of the magnetic vector potential A p as defined by
When Eq. (13) is used in Eq. (2) with J mp ϭ 0, E p can be expressed as
where p is the scalar potential. When Eqs. (7), (13) , and (14) are substituted into Eq. (3) and the gauge condition
is used, the wave equation satisfied by A zp is determined as
On using Eq. (15) in Eq. (14) , it is found that
The TM mode is governed by Eq. (16) together with Eqs. (13) and (17) . In addition, Eq. (16) reveals that an electric current element oriented parallel to the optic axis can generate the TM mode.
The fields of the TE mode are the same as in an isotropic medium with the relative permittivity ⑀ Ќ . Therefore, this mode is designated as the ordinary mode. The Gaussian beam propagation in an isotropic medium has been treated previously 7 ; therefore, the ordinary mode in a uniaxial crystal is not given any further consideration. It is seen from Eq. (16) that for the TM mode the propagation is isotropic in a plane perpendicular to the optic axis but is anisotropic in a plane containing the optic axis. This mode is designated the extraordinary mode since its characteristics, in general, are different from those in an isotropic medium. Gaussian beam propagation has been treated for the special case of propagation in the direction of the optic axis. [8] [9] [10] [11] In this paper, Gaussian beam propagation of the extraordinary mode is investigated for propagation directions inclined to the optic axis by use of the Felsen method, 12, 13 which introduces appropriate elementary virtual sources in complex space.
BASIC GAUSSIAN WAVE
The cylindrical symmetry about the optic axis (ẑ p ) allows us, without losing generality, to choose the wave vector in a plane perpendicular to the x p axis and inclined at an angle ␣ to the z p axis. Another Cartesian coordinate system (x, y, z) obtained by rotating the principal coordinates about the x p axis in the positive direction through an angle ␣ (Fig. 1) is introduced leading to the transformation relations:
The wave vector is assumed to be in the z direction. In the coordinate system (x, y, z), Eq. (16) where
Substituting a general plane-wave solution of the form A zp Ϸ exp͓i(k x x ϩ k y y ϩ k z z)͔ into Eq. (19) with the source term set equal to zero yields the plane-wave dispersion relation
where k x , k y , and k z are the wave numbers in the x, y, and z directions, respectively. The surface formed by the terminal points of (k x , k y , k z ), as determined from Eq. (23), in all directions of space is the wave-vector surface. The normal to the wave-vector surface is in the direction of
For a nearly plane wave with the wave vector in the z direction, k x ϭ k y ϭ 0 and k z 0, ‫ץ‬f/‫ץ‬k x ϭ 0, and the normal (ẑ s ) to the wave-vector surface is in the yz plane and is inclined to the z axis at an angle ␤ as defined by
Another Cartesian coordinate system (x s , y s , z s ) is introduced by rotation of the coordinate system (x, y, z) about the x axis in the negative direction through an angle ␤ (Fig. 1 ). The subscript s on y and z denotes the wavevector surface. The transformation relations are
Equation (19) is transformed to the coordinate system (x s , y s , z) where the x s y s plane is normal to the direction (ẑ s ) of amplitude propagation 1, 14 and ẑ is parallel to the direction of phase propagation. In an anisotropic medium, for a general plane wave, the electric field E, the normalized electric flux density D ϭ ⑀ • E, the direction (ẑ s ) of amplitude propagation or the Poynting vector and the direction (ẑ ) phase propagation are all in one plane and the magnetic field H is normal to this plane. 1, 2 Figure 1 shows that E, D, ẑ s , and ẑ are all in the yz plane. Therefore, the magnetic field of the nearly plane wave is expected to be in the x direction. Since the electric flux density and the electric field are normal to the directions of phase and amplitude propagation, respectively, it follows that D and E should be in the ŷ and ŷ s directions, respectively. The magnetic field is expected to be in the x (x s ) direction. Thus, in the coordinate system, one axis (x s ) is parallel to the magnetic field, and another axis (ŷ s ) is parallel to the electric field of the nearly plane wave. The third axis is not parallel to the direction of amplitude propagation but is along the direction (ẑ ) of phase propagation. Thus, the chosen coordinate system is nonorthogonal. The use of this nonorthogonal coordinate system is crucial to transforming the equation governing the Gaussian wave in the anisotropic medium to be of the same form as for an isotropic medium.
We assume that the source is a point electric current of strength S ex oriented parallel to the optic axis and situated at x s ϭ y s ϭ 0 and z s ϭ z s,ex , where S ex and z s,ex are determined later so as to obtain the desired beam. In the transformed coordinate system, Eq. (19) becomes 
Hence,
Also, x s and y ss are transformed into the polar coordinates as defined by
Then, noting that the source term and A zp are independent of s , Eq. (27) is expressed as 12 and Felsen, 13 a cover space that extends the domain of z to complex values (z ϭ z r ϩ iz i ) is introduced. The physical space is defined by Ϫϱ Ͻ x s , y s Ͻ ϱ, z i ϭ 0, and z r ϭ Re z Ͼ 0. Equation (30) yields a homogeneous solution for the physical space if x s ϭ y s ϭ s ϭ 0 and z ϭ z s,ex cos ␤ corresponding to a point in the cover space is external to the physical space.
The solution of Eq.
for Re(z Ϫ z s,ex cos ␤) Ͼ 0, where J 0 ( ) is the zero-order Bessel function and
The branch points are located at ϭ Ϯk(⑀ ʈ ) 1/2 . The contour of integration and the branch cuts are introduced appropriately. To determine a nearly plane wave, the integral in Eq. (31) is evaluated asymptotically for large kz to yield the paraxial approximation to A zp ( s , z) as
The additional subscript p in A zp stands for the paraxial approximation. External to the physical space and at its boundary is the input plane Re z ϭ 0. To obtain the basic Gaussian beam for the physical space, in the paraxial approximation an anisotropic input distribution is assumed to be
where w 0x and w 0y are the waist sizes of the beam at the input plane in the x and the y directions, respectively. 
and comparing x 2 and y 2 terms in Eqs. (33) and (34), we find, respectively, that
For both Eqs. (36) and (37) to be satisfied, it is required that
Comparing the amplitude terms in Eqs. (33) and (34) yields 
The integral representation of the basic elliptic Gaussian wave is given by Eq. (43 
BASIC ELLIPTICAL GAUSSIAN BEAM
The magnetic and the electric fields of the extraordinary mode are given by Eqs. (13) and (17), respectively. By use of the transformation relations, Eq. (18), the field components are expressed in the (x, y, z) coordinate system as follows:
The magnetic vector potential is in the direction (ẑ p ) of the optic axis. For obtaining the characteristics of the basic Gaussian beam, the paraxial approximation to the vector potential as given by Eq. (40) is used. The longitudinal derivative ‫‪z‬ץ/ץ‬ acting on the rapidly varying phase yields the leading term. The transverse derivatives ‫‪x‬ץ/ץ‬ and ‫‪y‬ץ/ץ‬ (which act only on the slowly varying amplitude), and the longitudinal derivative acting on the slowly varying amplitude give rise to higher-order contributions. Only the leading terms are retained and Eqs. 
By use of Eqs. (25) and (26) and Fig. 1 , from Eqs. (52) and (53), the electric vector is recast as
From Eqs. (1) and (18), the relative permittivity dyad in the (x, y, z) coordinate system is determined as
where e yy , e zz , and e yz are given in Eqs. (20), (21), and (22), respectively. The components of the normalized electric flux density are evaluated from Eqs. (20)- (22), (51)- (53), and (55) as
The time-averaged Poynting vector is determined from Eqs. (50), (51), and (54) as
where the * is used to denote complex conjugation. As indicated previously, Eqs. (50), (51), (54), and (56)-(59) confirm that the magnetic field H, the electric field E, the normalized electric flux density D, and the time-averaged Poynting vector S of the electromagnetic beam are in the directions x s (x ), ŷ s , y, and ẑ s , respectively. Thus, the governing equation of the electromagnetic beam is stated in the coordinate system (x s , y s , z) in which one axis is parallel to the magnetic field, the second axis is parallel to the electric field, and the third axis is parallel to the direction, ẑ , of phase propagation. It is found from Eq. (40) that
Noting that ẑ -ẑ s ϭ cos ␤, the electromagnetic power transported in the z direction is determined from Eqs.
(59) and (60) as
The mean transverse coordinate (x) a of the beam in any transverse plane is evaluated with Eqs. (59)- (61) as
Similarly, the mean transverse coordinate ( y) a of the beam in any transverse plane is determined from Eqs.
(59)-(61) as
In view of Eqs. (62) and (63), the mean center of the beam is transported along x ϭ 0 and y ϭ z tan ␤, which in accordance with Eq. (25) is in the direction of the normal to the wave-vector surface. The Poynting vector is inclined at an angle ␤ to the direction of phase propagation (or the wave vector) and the wave vector is inclined at an angle ␣ to the optic axis. From Eqs. (21), (22), and (25), it is found that ␤ ϭ 0 for ␣ ϭ 0 and 90°showing that the beam propagates in the direction of the wave vector when the wave vector is parallel or perpendicular to the optic axis. For other directions of the wave vector, the propagation direction of the beam is different from that of the wave vector. To bring out the general features of the orientation of the Poynting vector with respect to the wave vector, it is appropriate to consider a numerical example. A uniaxial crystal is positive or negative according to whether
1/2 and n ʈ ϭ (⑀ ʈ ) 1/2 , where n Ќ and n ʈ are the principal refractive indices. For a positive uniaxial crystal with n Ќ ϭ 2.616 and n ʈ ϭ 2.903, ␤ is evaluated as a function of ␣ by use of Eqs. (21), (22), and (25) and shown in Fig. 2 . As the wave vector moves away from the optic axis, the Poynting vector bends toward the optic axis. The inclination angle of the Poynting vector from the wave vector is largest when the wave vector is inclined to the optic axis by approximately 48°. As the wave vector moves further away from the optic axis, this inclination angle becomes smaller and vanishes when the wave vector is normal to the optic axis. For a negative uniaxial crystal, as the wave vector moves away from the optic Fig. 2 . Inclination angle ␤ in degrees as a function of ␣ in degrees, where ␣ is the angle between the wave vector and the optic axis, and ␤ is the angle between the normal to the wave-vector surface and the wave vector for the (positive) uniaxial crystal n Ќ ϭ 2.616 and n ʈ ϭ 2.903. axis, the Poynting vector moves further away from the optic axis. Apart from this difference in the direction of deviation, the general features of the orientation of the Poynting vector with respect to the wave vector for a negative uniaxial crystal are the same as those of the positive uniaxial crystal.
The variance in the x direction of the distribution of the average Poynting vector in any transverse (z ϭ constant) plane is deduced from Eqs. (59)- (62) as
In a similar manner, the variance in the y direction of the distribution of the average Poynting vector in any transverse plane is derived from Eqs. (59)- (61) and (63) as
It is seen from Eqs. (64) and (65) that the mean-square widths of the beam in the x and the y directions increase quadratically, at the same rate, with the distance z in the direction of the wave vector. The ratio R of the rootmean-squared (rms) width of the beam in the x direction to that in the y direction is found from Eqs. (38), (64), and (65) as
This shows that the shape of the elliptical cross section of the beam does not change on propagation. For the previously used positive uniaxial crystal, R given by Eq. (66) is depicted in Fig. 3 as a function of the angle ␣ between the wave vector and the optic axis. It is seen from Fig. 3 that the minor axis of the ellipse is in the x direction that is parallel to the magnetic field. The cross section of the beam is a circle for propagation parallel to the optic axis. The ratio of the minor axis to the major axis of the crosssectional ellipse monotonically decreases as the wave vector moves away from the optic axis showing that the cross section becomes progressively more elliptical as the wave vector changes from parallel to perpendicular orientation with respect to the optic axis. For a negative uniaxial crystal, n Ќ Ͼ n ʈ , R increases monotonically from 1 as ␣ is changed from 0 to 90°. Therefore, the major axis of the cross-sectional ellipse is in the x direction. As for the positive uniaxial crystal, for the negative uniaxial crystal also, the beam cross section becomes progressively more elliptical as the wave vector rotates from the parallel to the perpendicular orientation relative to the optic axis. The Rayleigh distance is the distance from the input plane in which the mean-squared width becomes twice its value at the input plane. It follows from Eqs. (64) and (65) that b is the Rayleigh distance. From Eqs. (21) and (36), the Rayleigh distance for the wave vector parallel to the optic axis is determined as
The Rayleigh distance b normalized by its value for ␣ ϭ 0 is obtained from Eqs. (36) and (67) as
which is identical to R given in Eq. (66). In Fig. 3 , the ordinate is also equal to the normalized Rayleigh distance. It is observed from Fig. 3 that the normalized Rayleigh distance for the positive uniaxial crystal decreases as ␣ increases from 0 to 90°. Therefore, for the positive uniaxial crystal, the quality of the beam decreases as the angle ␣ of inclination of the wave vector to the optic axis increases. For a negative uniaxial crystal, b n increases monotonically as ␣ increases from 0 to 90°, revealing that the beam quality improves as the wave vector changes from parallel to perpendicular orientation with respect to the optic axis. By use of the coordinate system (x s , y s , z), we derived the governing equation for the extraordinary mode propagating obliquely to the optic axis in a uniaxial crystal in a form similar to that for an isotropic medium. By a proper scaling of the various distances, the results for the stated extraordinary mode can be determined directly from those of an isotropic medium. We shall illustrate this important feature of the governing equation [Eq. (27) ] by deducing the point-spread function of the extraordinary mode directly from the well-known point-spread function for an isotropic medium. 16 Let
In the absence of a source in the physical space, with the help of Eqs. (28) and (69) By use of Eq. (26), a point source, ␦ (x)␦ (y), situated in the plane z ϭ 0 is expressed as
Substitution of Eq. (28) enables us to transform Eq. (73) as
where ␦ (x s )␦ (y ss ) is a point source situated in the plane z ss ϭ 0 and (e zz ⑀ Ќ /⑀ ʈ ) 1/2 is the strength of the source. Hence, the point-spread function governed by Eq. (72), in analogy with the result for an isotropic medium, is given by
(75) When k ss , z ss , and y ss are substituted from Eqs. (69) and (28), Eq. (75) is modified as
where y s /cos ␤ ϭ y Ϫ z tan ␤. The phase term in Eq. (40) is the same as that in Eq. (71). When A zp, p ( s , 0) given by Eq. (34) is integrated across the entire transverse xy plane, the result is w 0x w 0y . For the paraxial approximation to have the same normalization as the point-spread function, A zp, p ( s , z) given by Eq. (40) is divided by w 0x w 0y . In the slowly varying part of the paraxial approximation as given by Eq. (40), after the indicated normalization, the expressions for q 2 (z) and are substituted from Eqs. (41) and (42), respectively. Also, b, w 0x /w 0y , and (x s , y s ) are substituted from Eqs. (36), (38), and (26), respectively. Then the suitably normalized slowly varying part of the paraxial approximation is given by
The importance of the use of the coordinate system (x s , y s , z) is borne out by a comparison of Eqs. (76) and (77). If in the point-spread function z is analytically continued to (z Ϫ ib), the slowly varying part of the paraxial approximation is obtained. This feature of the pointspread function and the paraxial approximation was discovered by Deschamps 12 and Felsen 13 for the isotropic medium. It is established here that a judicious choice of the coordinate system keeps the foregoing result of the isotropic medium intact for the extraordinary mode propagating obliquely to the optic axis in a uniaxial crystal.
NONPARAXIAL CORRECTIONS
The exact solution [Eq. (43)] of the magnetic vector potential in the direction of the optic axis contains the paraxial result as well as all the nonparaxial contributions and the evanescent waves. All the contributions can be summed up analytically; that is the integral in Eq. (43) 
Equation (78) is of the same form as the differential equation governing the Green's function for an isotropic medium. The differences are the source strength enclosed within braces and z ss changed to ͓z ss Ϫ ib(e zz ) Ϫ1/2 ͔. Therefore, the solution of Eq. (78) is given by
where 
The closed-form expressions [Eqs. (81) and (82)] represent the exact magnetic vector potential in the direction of the optic axis.
In the direction ͓x ϭ 0; y ϭ z tan ␤, or s ϭ 0] of propagation of the mean center of the beam, the exact value of A zp ( s , z) is obtained as 
The leading term in Eq. (84) is the paraxial approximation. For large k 2 w 0x 2 ⑀ ʈ , the successive terms in the series become progressively smaller and are designated the nonparaxial corrections. Since these terms are small, several of these nonparaxial corrections have to be calculated and summed up to yield interpretable modifications to the paraxial result. Here, closed-form expressions for the sum [Eqs. (81) and (82)] of the infinite series have been derived obviating the need for determining many nonparaxial corrections. However, for an isotropic medium, a method to improve the paraxial result is by the addition of nonparaxial corrections. 18 Therefore, to establish contact with the corresponding results that exist for an isotropic medium, we shall derive a few terms in the series expansion given in Eq. (84).
For the paraxial approximation, in Eq. (43), in the expansion of the amplitude factor 1/ for 2 Ӷ k 2 ⑀ ʈ only the leading term was retained. We shall determine three orders of nonparaxial corrections and therefore retain three terms in addition to the leading term in the expansion of 1/. In the expansion of ͓i(z Ϫ ib)͔ appearing in the exponent, for the paraxial approximation, the first two terms were retained. But to obtain three orders of nonparaxial corrections, we retain three additional terms. When the beam radii are large compared to the wavelength, these additional terms are small. The exponential function of these three small additional terms is expanded into a power series. The power series expansion of exp͓i(z Ϫ ib)͔ is multiplied by the corresponding series expansion of 1/ and in the product only terms up to order (kw 0x ) Ϫ6 ⑀ ʈ Ϫ3 are retained. The details are similar to those given previously for the Laguerre-Gauss beam in an isotropic medium. 15 Then the integrals appearing in the expansion of Eq. 
CONCLUDING REMARKS
We have treated the electromagnetic beam propagation in a uniaxial crystal with particular reference to the extraordinary mode propagating obliquely to the optic axis. Some important analytical features have been brought out. First, the electromagnetic fields can be separated into ordinary and extraordinary modes by use of single components of the electric and magnetic vector potential oriented along the axis of cylindrical symmetry, namely, the optic axis. Second, by use of a nonorthogonal coordinate system with two orthogonal axes oriented normal to the direction of amplitude propagation and one axis parallel to the direction of phase propagation, the governing equation for the beam in a uniaxial crystal takes the same form as that for an isotropic medium. By appropriately scaling the various distances, the results for the uniaxial crystal can be directly obtained from the corresponding results of an isotropic medium without any additional analysis. Third, the basic beam mode in a uniaxial crystal is of elliptical cross section, and the ratio of the minor axis to the major axis of the ellipse depends on the direction of phase propagation relative to the optic axis. The cross-sectional shape of the beam does not change on propagation. Finally, the power of the Felsen method of beam analysis has been illustrated by determining the exact solution for the magnetic vector potential oriented parallel to the optic axis. This exact expression for the vector potential has shown that in the direction of amplitude propagation where the fields have maximum amplitude, the paraxial approximation is identical to the exact result revealing that the sum of all the nonparaxial corrections vanishes on the beam axis. From the exact result, three orders of nonparaxial corrections are determined to enable comparison with the corresponding results for an isotropic medium.
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